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A new method is proposed for calculating the emissivity of three-dimensional bodies 
and the angular coefficients in real-medium systems. Use is made of published for- 
mulas for gray bodies and of one-dimensional nomograms constructed on the basis of 
experimental data. 

There is no basic difficulty in accounting for the geometry of a body in idealized gray-medium sys- 
tems, although a digital computer is often used. Many articles have been written on this subject. Most 
of the results are of no value in problems involving a real medium, because of the wide differences be- 
tween real and gray radiation characteristics. Hence those methods and typical examples where develop- 
ments in the theory of gray systems find wide application have become of greater interest. 

All formulas for the emissivity, the angular coefficients, and derivative quantities can, in the case 
of monochromatic (or gray) radiation, be reduced to the form 

Co + ~, c/j (%). (1) 
1 

The coefficients c 0 and c i do not depend on the wave number. In order  to apply formulas  (1) to r ea l -  
medium sys tems,  one must  integrate over the spectrum. We will consider  here only examples involving 
a thermal  radiation flux. The calculation of emiss iv i ty  amounts to actually calculating the thermal  ab-  
sorptive power of a medium at tempera ture  T = T 0. For  the complete spec t rum (1) becomes 

~T-~ ~ IoJ  J (%,) do~. (2) 
] 

0 

The proposed method of calculation is narrowed down by still another condition. All functions fj must 
be approximated by the express ion 

fj (%) = ~ ai exp (-- bi%). (3) 
i 

Transforming  this and insert ing into (2) will yield 

c 0 + ~ i  c , { ~  a ~ - - ~ a ~  aT-- ~ . f l o ~ [ 1 - e x p ( - b ~ a o ~ x ) l d o ~  } .  
0 

Here ~ I0co[1 - exp (-bic~cox)]dco = a(bix ) is the one-dimensional  emiss ivi ty  of a bix-long segment of 
(IT 4 

0 

the medium at tempera ture  T. Finally, instead of (2), we have 

co+ Xc, b,x)] (4) 
] t 
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The a - v a l u e s  a r e  r ead  off known n o m o g r a m s .  The coef f ic ien ts  e0, cj, ai ,  and b i a r e  g iven by f o r m u l a s  
de r ived  fo r  g r a y  bodies .  In this  way, f o r m u l a  (4) can in m a n y  c a s e s  be used as  it s tands .  This  will  be i l lu -  
s t r a t ed  on examples  given by Mikk [1, 2, 3] and by m y s e l f  [4, 5, 6, 7]. In [1, 2, 3] fj is  r e p r e s e n t e d  by the 
funct ion E 3 and the i n t e rmed ia t e  funct ions  M, Nl, N2, S 2. In [4, 5] t he  i n t e rmed ia t e  funct ions a r e  e x p r e s s e d  
in t e r m s  of spec ia l  funct ions  Kin. Funct ions  Ea, Kin, and thus a l so  M, Nl, N2, S 2 in [5, 6] a r e  a p p r o x i -  
mated  a c c o r d i n g  to f o rm u l a  (3) - v e r y  a c c u r a t e l y  within c e r t a i n  in t e rva l s  of the a rgument .  It is f avorab le  
that  funct ion fj can  often be e x p r e s s e d  in t e r m s  of i n t eg ra l s  of exponential  funct ions:  in such  c a s e s  f o r -  
mula  (3) goes  into a quad ra tu re .  The coef f ic ien ts  a i and b i a r e  ca lcu la ted ,  to the f i r s t  approx imat ion ,  f r o m  
the nodes and the weights  of the Gauss  quadra tu re .  They  a r e  then ref ined  by i te ra t ion .  F o r m u l a  (4), which 
has  been  der ived  here ,  r e p r e s e n t s  a new t a rge t  toward  which the e a r l i e r  ef for t  on approx ima t ing  funct ion 
fj m u s t  be continued.  

Let  us p roceed  now to the i l lu s t r a t ive  examples  - to p rob l ems  with or ig ina l  solut ions.  The n u m e r i -  
ca l  ca lcu la t ions  apply e s sen t i a l l y  to gaseous  c a r b o n  dioxide,  which has a b r igh t  and d i s c r e t e  spec t rum.  As 
the a r g u m e n t  we use the p roduc t  pl where  l is the c h a r a c t e r i s t i c  d imens ion  of a body. The e m i s s i v i t y  
n o m o g r a m s  a r e  used a c c o r d i n g  to [8]. 

Example  1. E m i s s i v i t y  of an  Infinite Strip. Fo r  m o n o c h r o m a t i c  r ad ia t ion  

ei~ ~ 1 - -  2E 3 (a~l). 

In [6] the fol lowing app rox ima t ion  is given:  

2Ea(x ) = 0.0628 exp (--" 8.&) + 0.4444 exp (--  2~) + 0~ exp (--  1,125<). 

The e r r o r  does not exceed 0.6% on the in te rva l  r [0,2]. A c c o r d i n g  to Eq. (4), we have 

e 1 --- 0.0628 s (8,81) q- 0,4444 e (20 -~ 0.4928 e (1.1250. (5) 

F o r  CO s and H20 the r e su l t s  a cco rd ing  to (5) a g r e e  c lo se ly  with those  which Nevski i  has  obtained in [9] by 
a v e r y  p r e c i s e  quadra tu re .  

The angular  coef f ic ien t  fo r  the s u r f a c e s  of a s t r i p  is 1 - a01 ,  where  fo r  a band s p e c t r u m :  

a o = ( T / T o )  '~ e [To, x (T/To)U]. ~, (6) 

F o r  CO 2 and HaO the exponents  m and u a r e  used a c c o r d i n g  to Hottel.  Combining Eqs .  (5) and (6) y ie lds  
a s imple  e x p r e s s i o n  for  the angular  coeff ic ient :  

% = 1 - -  (T/To) ~ {0.0628 e [T o, 8.8l  (T/To) u] -}- 0,4444 e [To, 21 (T/To)  u] + 0 4928 e [To, 1,1251 (T/To)U]}. (7) 

F o r m u l a  (6) is used in [10] for  ca lcu la t ing  the a b s o r p t i v e  power of a n o n i s o t h e r m a l  s egmen t  a l so  in the 
case  of a g r a y  incident  r ad ia t ion  flux. These  examples  extend cons ide r ab ly  the range  of va l id i ty  of Eq. (4) 
fo r  p rac t i ca l  ca lcula t ions .  

Example  2. Loca l  E m i s s i v i t y  of an  Infini tely Long Semicy l inder ,  a t  the Cente r  of Its Plane Base .  
F o r  m o n o c h r o m a t i c  r ad ia t ion  

e2~ = 1 - -  M (%), % = % R .  

Accord ing  to [5], 

M (x) = 0.046 exp (--  3,4x) -]- 0,317 exp (--  1.42x) + 0.637 exp ( - -  1.04~). 

The e r r o r  does not exceed  1% fo r  0 < r <_ 5. A c c o r d i n g  to Eq. (4), 

e2 = 0,046 e(3.4R) + 0.317 e (1.42R) q- 0,637 e (1.04R). (8) 

The local  angula r  coeff ic ient  fo r  this point and the s u r f a c e  containing the vo lume  is 1 -a02.  In the case  of 
a band s p e c t r u m ,  the fo rm u l a  for  q92 is ana logous  to (7). 

Example  3. E m i s s i v i t y  of an  Infinite Cyl inder .  Fo r  m o n o c h r o m a t i c  r ad ia t ion  

eao = 1 - -  S z (ao)D). 

A c c o r d i n g  to [5], 

S z (~) = 0.035 exp (--  0.206 x) -~- 0.235 exp (--  0.51 x) +. 0.56 exp (--  1.04 x) + 0,17 exp (--  1,57 ~). 

The e r r o r  is a p p r o x i m a t e l y  1% for  0 -< r _< 5. Acco rd ing  to Eq. (4), 
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Fig. 1. Conf igura t ions  fo r  ca lcu ia t ing  the angu la r  
coeff ic ients .  

e~ = 0,035 e (0.206 D) + 0.235 e (0.51 D) -~- 0,56 s (1.04 D) + 0,17 e (1,57 D). (9) 

The angu la r  coeff ic ient  fo r  a shel l  "onto i t sef f"  is 1 -a03 .  Its ca lcu la t ion  has b e e n e x p l a i n e d  in Example  1. 

Example  4. T w o - D i m e n s i o n a l  Local  Angula r  Coeff ic ient  fo r  an E lemen t  dF and a N o r m a l l y  Oriented 
St r ip  (Fig. la) .  The coef f ic ien t  fo r  s t r i p  3, extending f r o m  under  angle  fli to infini ty will be taken as  the 
principal one: 

i 
~ d F , 3  "~- - -  sin [31N 1 (q). 

2 

F o r  the semi inf in i te  s t r i p  (ill = ~ / 2 ) :  

1 
~F(1+2+3) = ~ -  N1 (Y)- 

The mean ing  of funct ion N 1 b e c o m e s  appa ren t  he re .  The d i s t r ibu t ive  law applied to ~dF 3 y ie lds  f o r m u l a s  
' A fo r  any s t r ip .  In the c a s e  of a r e a l  med ium a lso ,  it suf f ices  to use  the f o r m u l a  fo r  ~dF,.~" ccord ing  to [5], 

N 1 (~) --~ 0,36 exp (--  8.5 ~) + 0.53 exp (--  1.9 z) + 0.11 exp (-- 1.08 ~). 

A c c o r d i n g  to Eq. (4), we have 

1 s in~  l1 --0.36e(8.5r1)---0.53e(1.gQ)--0.11e(1.08rl)]" ~dF'3 = 2 

Here  ~ ' is the angu la r  coef f ic ien t  when the med ium and e l emen t  dF a r e  at  the s a m e  t e m p e r a t u r e .  When 
thei r  t e m p e r a t u r e s  a r e  not the s a m e ,  we have for  a band s p e c t r u m :  

Example  5. Mean Angu la r  Coeff ic ient  fo r  P a r a l l e l  S t r ips  (Fig. lb).  A c c o r d i n g  to the app rox ima te  
Mikk f o r m u l a  der ived  for  g r a y  rad ia t ion ,  

qD~,~ = - ~ -  (92 - -  91 -~ 9~ - -  P3) 2E3 (a,oH) + + [2E~ (~Zo~H) . 
P~ Pl P~ P8 

The change of funct ions E 3 and M a c c o r d i n g  to (3) and the in t roduc t ion  of the abso rp t i ve  power will y ie ld  
Eq. (4) fo r  the angu la r  coef f ic ien t  elk.  This  f o rmu la  is not  shown he re ,  because  it fol lows f r o m  the p r e -  
ceding  examples .  

In the s tudies  made  by Mikk we find many  o ther  examples  where  the f o r m u l a s  fo r  the angu la r  coe f -  
f ic ient  can be used as  they stand in the case  of r e a l - m e d i u m  bodies .  They  a r e  ea s i l y  wr i t t en  down a f te r  
acqua in tance  with the p reced ing  examples .  We will now cons ide r  an  opposi te  example ,  where  the a p p r o x i -  
ma t ion  of funct ions  in the f o r m  (3) m u s t  be fu r t he r  ref ined.  

Example  6. Angula r  Coeff ic ient  f o r  P e r p e n d i c u l a r  St r ips  (Fig. lc ) .  A c c o r d i n g  to the exact  Mikk f o r -  
mula  for  a g r a y  med ium,  
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Fig.  2. Sect ions of two-d imens iona l  
bodies .  

1 
~ o  = ~TT [ATe (CtJi) - - /V~ (aer2) -}-/V~ (ct ja)  - -  N~ ((zJa)]. 

% a  

In  [5] this au thor  has obtained an app rox ima t ion  of funct ion 
N 2 in the f o r m  (3). This app rox ima t ion  is  not adequate ,  how-  
ever .  In o r d e r  to adapt  Eq. (4), it b e c o m e s  n e c e s s a r y  to a p -  
p rox ima te  the funct ion N 2 (c~r ) /a r .  In v iew of the s ingu la r i ty  
as  o~r ~ 0, f o r m u l a  (3) is l imited at sma l l  a r - v a l u e s .  This 
is c i r c u m v e n t e d  by in t roducing  a new function: 

N 3 (at) = [?Q (0) - -  N2 (ar)l/ar, 

w h e r e  N 2 (0) = 4 ~ / 3 .  Funct ion  N 3 v a r i e s  within the in te rva l  [0, 1]. T h e r e f o r e ,  it can  be eas i ly  a p p r o x i -  
ma ted  by Eq. (3). The angular  coef f ic ien t  b e c o m e s :  

1 
~ o  = ~ [QN3 (a~r=) - -  r lN  3 (ao~rl) ~- r4N ~ ( a j , )  - -  raN 3 (a ja ) ] .  

The r e s t r i c t i o n  on adapt ing Eq. (4) has  been r emoved .  An ana logous  p r o c e d u r e  can be adopted in m a n y  
o ther  cases .  

Example  7. In [6, 7] a pp rox i m a t e  f o r m u l a s  a r e  g iven  fo r  the local  and the mean  angular  coeff icient :  

q% = r exp (--- %/eff). (10) 

This e x p r e s s i o n  is e x t r e m e l y  s imple .  The ef fec t ive  length leff  is de t e rmined  eas i ly  if the s u r f a c e s  
a r e  suf f ic ient ly  f a r  apar t .  I f / e f f  and the range  of va l id i ty  of Eq. (10) do not depend on the wave number ,  
then the re  a r e  no r e s t r i c t i o n s  on i ts  appl ica t ion  to a r e a l  medium.  Thus,  a c c o r d i n g  to the data in [7], two 
coef f ic ien ts  a r e  avai lable .  We wil l  wr i te  them down for  T = T 0. 

The m e a n  angu la r  coef f ic ien t  fo r  the end s u r f a c e s  of a c i r c u l a r  cy l inder  of d i a m e t e r  D and height H 
is 

r = (V h ~ q- 1 - -  h) 2 [1 - -  e (V H ~ § D2/4)1. 

Here  h = H / D .  The fo rm u l a  y ie lds  s a t i s f a c t o r y  r e su l t s  when h _> 3. When h < 3, the va lues  of the coe f -  
f ic ient  a r e  too high. 

The local  angu la r  coeff ic ient  fo r  a point on the l a t e ra l  s u r f a c e  and the end su r f ace  of a cy l inder  at  
d i s tance  H is 

% =  V h ~ + l  - -h  2 V  1 - - s ( V / / 2 + D ~ / 2 ) ]  �9 

The r e s u t t  is a l m o s t  ident ica l  to that obtained by the exac t  f o r m u l a ,  if h -> 3. Fo r  h < 3 the va lues  h e r e  
a r e  too low. 

F o r  para l le l  s ides  of a para t ie lep iped  the app rox ima te  fo rmu la  (10) was p roposed  in [6], w i t h / e f t  
= H(1 + go~ When c~wi,i _< 0.1, acoA < 1, and L / A  < 10, the e r r o r  is l ess  than 3%. Unlike the coef f ic ien ts  
go t and gos, f o rmu l a  (10) is used he re  when the d i s tance  be tween the s u r f a c e s  is v e r y  smal l .  As ozwi.i ~ 0, 
this  f o rmu la  is p r e fe rab l e  to the exact  one on accoun t  of the s ingu ia r i ty  in the la t ter .  A l t h o u g h / e f t  does 
not depend on the wave number ,  the r ange  of va l id i ty  of the fo rmula  depends on it. F o r  this r eason ,  s o m e  
fu r t he r  s tudy is needed before  the range  of va l id i ty  can be es tab l i shed  fo r  r e a l - m e d i u m  s y s t e m s .  

The r e p r e s e n t a t i o n  of angu la r  coef f ic ien ts  fo r  r e a l - m e d i u m  s y s t e m s  in the f o r m  (10) has been a c -  
cepted as  un ive r sa l  in [11]. It is  poss ib le  to apply  he re  the concept  of an  angu la r  coeff ic ient  a l so  in the 
case  o f  mult iple  re f l ec t ions ,  without r e s o r t i n g  to highly complex  exp re s s ions .  

In conclus ion,  we will  cons ide r  two o ther  independent  methods  of ca lcu la t ing  the e m i s s i v i t y  of t h r e e -  
d imens iona l  bodies ,  of which one is well known whils t  the other  has  been  proposed  ea r l i e r .  

Mean E m i s s i v i t y  of a Convex Body. It  is well  known that the e m i s s i v i t i e s  of va r i ous  convex bodies 
do not differ  much,  if the d imens ion  l 0 = 4 V / F  is taken as  the a rgumen t .  Apparen t ly ,  the m a x i m u m  de-  
v ia t ion  is found in the case  of a sphe re  and of an  infinite plane s t r ip .  This  devia t ion is 9% when ozwl ~ = 0.7. 
F o r  otc0l 0 > 4.6 the devia t ion  changes  sign. In the case  of a r e a l  body, the re  takes  place an  a v e r a g i n g  of 
devia t ions  over  the spec t rum.  T h e r e f o r e ,  ove ra l l  e m i s s i v i t y  devia tes  p robab ly  by less  than 9%, the e m i s -  
s iv i ty  of a sphe r i ca l  shel l  being h igher  at  almost ,  any  th ickness  encoun te red  in p r ac t i ce  (not for  t h i cknes se s  
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TABLE 1. Local Emiss iv i ty  at the Center of the Plane 
Base of an Infinitely Long Gray Semicylinder (~ is the 

t! local emiss ivi ty  according to the exact formula (12); e2 
the emiss ivi ty  according to the approximate formula i l l ) ;  
acoR is the dimensionless optical radius) 

0,05 
0,1 
0,5 

0,0613 ] 0,0633 1 j 0,697 
0,118 0,121 
0,457 0,461 2 0,902 

o, 699 

0,901 

TABLE 2. Emiss iv i ty  of an Infinitely Long Cylinder Con- 
taining Gaseous Carbon Dioxide at t = 1000~ (~ is the 
emiss iv i ty  according to Eq. (9) and the nomograms in [8]; 
~ the emiss ivi ty  according to Eq. (11) with the Nevskii 
[9] values for the emiss iv i ty  of a s t r ip  and a sphere;  D is 
the diameter  of the cylinder) 

poma,  l 
0,02 ] 0,0556 0,0575 ] 0,3 0,138 
0,1 0,1007 0,1021 0,5 0,163 

0,143 
0,165 

TABLE 3. Local Emiss iv i ty  at the Center of the Plane 
Base of an Infinitely Long Semicylinder Containing Gas-  
eous Carbon Dioxide at t = 600~ (e~ is the local emi s -  
sivity according to Eq. (8) and the nomograms in [8]; e2" 
the emiss ivi ty  according to Eq. (11) with ~l taken f rom 
[9]; G 0 is the emiss iv i ty  calculated f rom the nomograms 
in [8]; R is the radius of the cylinder) 

pR,m.atm e~ e~ pR, re.arm / e2 e2 

I 
0,02 0,0722 ] 0~0738 0,3 0,154 
0,1 0,117 ] 0,118 0,7 0,187 

0,156 
O, 189 

that a re  too large). A compar ison with available data (Nevskii [9]) confirms this. There is a situation 
where the calculating procedure adopted for g ray  bodies is more  accura te  for real-me.dium bodies. The 
opposite is true in the following example. 

Local Emiss iv i ty  of a Symmetr ica l  Convex Body. In Fig. 2 sections of two-dimensional bodies a re  
shown. The sections perpendicular  to them rep resen t  str ips.  Both parts of such a body a re  symmet r i ca l  
with respec t  to the 00' axis, the line normal  at point 0 of the hemisphere  at which the local emiss ivi ty  is 
to be determined. For  the body generated by rotating the t r ansver se  c ros s  section about the 00' axis we 
denote the emiss iv i ty  at  point 0 (of the sphere  or hemisphere) by G0; the emiss iv i ty  of a zone generated by 
rotation of the second section will be denoted by el. For  gray  or monochromatic  radiation we have 

2 1 1 
- +_ _ _  ( 1 ~ )  

e e 0 el 

Fo r  the case in Fig. 2a, e --- e 3 is the emiss ivi ty  of a cylinder. The maximum e r r o r  is 1.44% when cecoD 
= 0.45. For  the case in Fig. 2b, e ~ e z and e 0 = 1 - exp (-~c0R). According to the exact formula,  

e 2 = I - -  M (ao~R). (12) 

The values of E2 obtained by the exact and by the approximate formula are given in Table 1. The 
deviation is somewhat greater than in Fig. 2a. For Fig. 2c, according to Eq. (11), we must write more 
generally 

2e~ __ e0.~ _~ 1 (13) 
8 8 o E 1 

Here r = s in~  is the emiss iv i ty  for an infinitely continuous medium. Analogously, %,00 = sin 2 ft. The 
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values of e~o and ~0,~ a re  equal to the space angles subtending the bodies f rom the point 0. Since ~0 = e0,~o 
�9 [1 - exp (-c~coR)], e = e~ �9 ~2, f rom Eq. (13) we find Eq. (11) for a semicyl inder  with the deviations as 
listed in Table 1. When extending (13) and (11) to other configurations, one must  r emember  that these 
a re  empir ical  formulas  and have all the inherent shortcomings of such. 

The use of Eqs. (11) and (13) for a real  three-dimensional  body a rouses  cer tain doubts, especial ly in 
the case of small  thicknesses.  Their e r r o r  should be increasing in any case. Nevertheless,  the values of 
~3 and e2 according to (11) for gaseous carbon dioxide have been compared with the respect ive values a c -  
cording to the formulas  in Examples 3 and 2 (Tables 2 and 3). The deviations are  a lmost  entirely due to 
Eq. (11). 

ai, bi, c j, c O 
a0 
a 0 = ~ a t T  =T0; 

aol, a02, ao3 
D, R 
H 
A, r, y 
l 

/eft  
fj 
Ioco 
T, T O 

M, NI, N2, S 2 
E~, Ki n 

P 
x = pl, m . a t m ;  
l 0 = 4 V / F ;  
p = H / R ;  
h = H/D;  
V 
F 
m, u 
o~a) 

&l, ~2, ~3, G0 

~Pl, ~~ r q~5 

q~0 

To0 = awl or Too = awx; 
cr T 4 

N O T A T I O N  

are  coefficients independent of the wave number; 
is the thermal  absorpt ivi ty  of a medium; 

a re  the absorpt ivi ty  of a strip,  a semicylinder ,  and a cylinder,  respect ively;  
a re  the diameter  and radius of a cylinder;  
is the height of a cylinder or the distance between planes; 
a re  distances in Fig. 1; 
is the thickness of a plane-paral le l  strip,  the path length of a ray;  
is the effective path length of a ray;  
is an a rb i t r a ry  function; 
is a Planck function, cm.  W / m  2 �9 sr ;  
a re  the tempera ture  of the medium and of the radiating surface,  respectively,  
~ 
a re  intermediate  Mikk functions; 
a re  special  functions [4, 5]; 
is the partial  p ressure  of a component, aim; 

is the volume; 
is the surface enveloping the volume;  
a re  exponents; 
is the spect ra l  absorptivity,  m -1 (or m.  aim)-1; 
is an angle (Fig. 1); 
a re  the emiss iv i ty  of a strip,  a semicyl inder  at the cen t e r  of its plane base, a 
cylinder,  and a solid of revolution, respectively;  
a re  angular coefficients in a r ea l -medium sys tem considered in Examples 1, 2, 
and 7; 
is the angular coefficient for a diathermal  medium; 
is the local angular coefficient; 
is the wave number,  em-l ;  

is the thermal  radiation density, W / m  2. 
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